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Abstract. We consider four notions of maps between smooth C orbifolds 
O, V with O compact (without boundary). We show that one of these notions 
is natural and necessary in order to uniquely define the notion of orbibundlc 
pullback. For the notion of complete orbifold map, we show that the corre- 
sponding set of C maps between O and V with the C r topology carries the 
structure of a smooth C°° Banach (r finite) /Frechet (r = oo) manifold. For 
the notion of complete reduced orbifold map, the corresponding set of C r maps 
between O and V with the C r topology carries the structure of a smooth C°° 
Banach (r finite)/Frechet (r = oo) orbifold. The remaining two notions carry 
a stratified structure: The C r orbifold maps between O and V is locally a 
stratified space with strata modeled on smooth C°° Banach (r finite) /Frechet 
(r = oo) manifolds while the set of C r reduced orbifold maps between O and 
V locally has the structure of a stratified space with strata modeled on smooth 
C°° Banach (r finite)/Frechet (r = oo) orbifolds. Furthermore, we give the ex- 
plicit relationship between these notions of orbifold map. Applying our results 
to the special case of orbifold diffcomorphism groups, we show they inherit the 
structure of C°° Banach (r finite)/Frechet (r = oo) manifolds. In fact, for r 
finite they are topological groups, and for r = oo they are convenient Frechet 
Lie groups. 
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1. Introduction 

A well-known result in the theory of differentiable dynamical systems states that 
the set of C r mappings C r (M, N) between C°° manifolds M and N with M compact 
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has the structure of a C°° Banach manifold. If r = oo, C°°(M, N) becomes a C°° 
Frechet manifold. The local model at / € C r (M,N) is £> r (/*(7W)), the space 
of smooth sections of the pullback tangent bundle f*(TN) equipped with the C r 
topology. D r (f*(TN)) is a separable Banach space for 1 < r < oo and a separable 
Frechet space for r = oo. For reference, see Eel66| , |Pal68| , Nit 71 , Fra79 



Ban97 



or 



We wish to extend these results to the set of C r maps from a compact smooth 
orbifold O (without boundary) to a smooth orbifold V . Interestingly, there are 
different useful notions of a C r map between orbifolds. In |BB02 , we defined a 
notion of (unreduced) C r orbifold map and the notion of reduced orbifold map. 
In |BB08] , we clarified these notions and showed that for a compact orbifold O 
(without boundary), both the group DiffQ rb (0) of orbifold diffeomorphisms and 
the group Diff^ cd (C) of reduced orbifold diffeomorphisms equipped with the C r 
topology, carry the topological structure of a Banach manifold for finite r and 
Frechet manifold for r = oo. In fact, we showed that Diff^ cd (C) is a finite quotient 
of Diff Orb (0). While our notion of orbifold map is more general than the one 
that typically appears in the literature, for example ALR07] , our notion of reduced 
orbifold map agrees with that book's definition 1.3 which is the definition that 
appears most often. 

In order to extend the classical structure result for maps between manifolds to 
maps between orbifolds, and to generalize our results on the orbifold diffeomorphism 
group, we will introduce two additional notions of orbifold maps, the complete 
orbifold maps and the complete reduced orbifold maps. As simple examples will 
show, the notion of complete orbifold map is necessary to give a well-defined notion 
of pullback orbibundle. The need to be careful when defining pullback orbibundlcs 
was already noted in the work of Moerdijk and Pronk IMP 97 and Chen and Ruan 



CR02 



To reconcile our definitions of orbifold map with the existing literature using Lie 
groupoid theoretic approach to orbifolds we make the following remarks. Our com- 
plete orbifold maps are essentially equivalent to the the groupoid homomorphisms 
of Moerdijk |Moe02| , however, they are independent of any particular groupoid 
structure one imposes on an orbifold and thus are more natural for the kinds of 



questions we address here. Moreover, Chen's definition of orbifold map Che06] 
agrees with our notion of complete reduced orbifold map up to conjugation. 

Lastly, we note that if M and N (as above) are, in addition, r-manifolds (T, 
a compact Lie group), then the space Cf(M, N) of C r equivariant maps from M 
to N is a closed C°° Banach submanifold of C r (M,N) [Fie70] . In |BB08[ Ex- 
ample 3.10], we observed that for a so-called good orbifold O = M/T, the orbifold 
diffeomorphism group Diff Orb (0) is strictly larger than Diffp(M), the r-equivariant 
diffeomorphism group of M. The relationship between the space of smooth orb- 
ifold maps between good orbifolds Oi = Mi/T, and the space of equivariant maps 
Cy(Mi, M2) will be the focus of a future investigation. 

We assume the reader is familiar with the notion of smooth C r orbifolds, and 
although there are many nice references for this background material such as the 
recently published book ALR07 , we will use our previous work BB08 as our 



standard reference for notation and needed definitions. We should note, however, 



that our definition of orbifold is modeled on the definition in Thurston Thu78 and 



that the orbifolds that concern us here are referred to as classical effective orbifolds 
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in ALR07 . More precisely, for our definition of orbifolds, isotropy actions are 
always effective and we allow for singularities of codimension one. For those notions 
for which the existing literature is not entirely consistent, we will provide explicit 
definitions. Our main result is the following 

Theorem 1. Let r > 1 and let 0,V be smooth C r orbifolds (without boundary) 
with O compact. Denote by CJ 0rb (0,7 : ') the set of C r complete orbifold maps 
between O and V equipped with the C r topology. Let */ G C£ 0rb (C','P). Then 
C£ Orb (0,'P) is a smooth C°° manifold modeled locally on the topological vector 
space DQ rb (*/* (T"P)) of C r orbisections of the pullback tangent orbibundle of V 
equipped with the C r topology. This separable vector space is a Banach space if 
1 < r < oo and is a Frechet space if r = oo. 

As corollaries of theorem [T] we are able to prove the following structure results 
for our different notions of orbifold map. For the complete reduced orbifold maps 
we have 

Corollary 2. Let r > 1 and let 0,V be as above. Denote by C^ 0lh (0,P) the 
set of complete reduced C r orbifold maps between O and V equipped with the C r 
topology inherited from C+ 0lh (0,V) as a quotient space. Then C^ 0lh (0,V) carries 
the structure of a smooth C°° Banach (r finite) /Frechet (r = oo) orbifold. 

This result essentially recovers the result of Chen |Che06| for r finite, where the 
C r maps defined there are shown to have the structure of a smooth Banach orbifold. 
We have the following structure result for orbifold maps. 

Corollary 3. Let r > 1 and let 0,V be as above. Denote by CQ rb (0, V) the set 
of C r orbifold maps between O and V equipped with the C r topology (as defined 
in BB08 ). Then Co rb (0,'P) carries the topological structure of a stratified space 



with strata modeled on smooth C°° Banach (r finite) /Frechet (r — oo) manifolds. 

In section [5] we illustrate this phenomenon with a concrete example. Finally, for 
the reduced orbifold maps, we conclude 

Corollary 4. Let r > 1 and let O^V be as above. Denote by C^ ed (0,P) the set 
of C r reduced orbifold maps between O and V equipped with the C r topology as a 
quotient space. Then CJ ed (C, V) carries the topological structure of a stratified space 
with strata modeled on smooth C°° Banach (r finite) /Frechet (r = 00) orbifolds. 

We would like to point out in each of the above results we are claiming, in 
part, the existence of a smooth structure modeled on Banach or Frechet spaces. 
While much of the finite dimensional smooth manifold theory carries over to the 
Banach category, the lack of a general implicit function theorem in Frechet spaces 



can cause significant difficulties Ham82 . In particular, there can be many incquiv- 



alent notions of differential calculus Kcl74 . For finite order differentiability, a 



strong argument can be made that the Lipschitz categories Lip r are better suited 
to questions of calculus than the more common C r category. For our purposes, 
however, we have chosen to use the C r category for finite order differentiability and 
for infinite order differentiability, we use the convenient calculus as detailed in the 



monographs FK88 KM97 



The paper is divided into the following sections: Section [2] will define the four 
notions of orbifold map that we will be considering and how these notions are 
related. Section [3] defines the C r topology on C£ 0rb (C>, V) with O compact and 
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proves corollary [2] assuming theorem [T] Section [3] applies our results to the special 
case of orbifold diffeomophisms. Section [5] provides explicit examples to show that 
non-orbifold structure stratifications naturally arise. Section [6] will construct the 
pullback orbibundle for a smooth complete orbifold map and illustrate the necessity 
to use complete orbifold maps in order to get a unique notion of pullback. Section[7] 
recalls some results about the exponential map on orbifolds and contains the proof 
of theorem [T] Section [8] is devoted to proofs of corollaries [3] and [4] In section [9j we 
collect the results of infinite-dimensional analysis that we need to substantiate our 
smoothness claims. 



2. Four Notions of Orbifold Map 

We now discuss four related definitions of maps between orbifolds. The first 
notion we will define is that of a complete orbifold map. It is distinguished from 



our previous notions of orbifold map and reduced orbifold map IBB08 Section 3] 



in that we are going to keep track of all defining data. In what follows we use the 



notation of BB08 Section 2] 



Definition 5. A C° complete orbifold map (/, {f x }, {@ f,x}) between locally smooth 
orbifolds 0\ and O2 consists of the following: 

(1) A continuous map / : Xq 1 — > Xo 2 of the underlying topological spaces. 

(2) For each y £ S x , a group homomorphism 0/, a : T$ x — > Tf( y y 

(3) A 0/^-equivariant lift f y : U y C Us x — ► Vf(y) where (U y , r 5x , p y , <f> y ) is 
an orbifold chart at y and (Vf(y),^ f(y), Pf(y),4>f(y)) is an orbifold chart at 
f(y). That is, the following diagram commutes: 



fy 



Vi 



f(y) 



V f(y)/ T f(y) 



U y C U Ssc 



(★4) (Equivalence) Two complete orbifold maps (f,{fx}>{®f.x}) an d 
(ff) {dx}, {©g,a;}) are considered equivalent if for each x £ 0±, f x — g x as 
germs and @f, x — Q 9:X - That is, there exists an orbifold chart (U X ,T X ) at 



x such that f x \fj 
1 = 9- 



g x \(j and @f, x = ®g,x- Note that this implies that 



Definition 6. A complete orbifold map / : 0\ — * O2 of C r smooth orbifolds is C r 
smooth if each of the local lifts f x may be chosen to be C r . Given two orbifolds 
Oi, i = 1,2, the set of C r complete orbifold maps from 0\ to O2 will be denoted 
by C: 0lh (O u 2 ). 

If we replace (*4) in definition [5] by 
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(4) (Equivalence) Two complete orbifold maps (f,{fx}, {©/,x}) an d 
{§x}, {©g,a;}) are considered equivalent if for each x € 0%, f x = g x 
as germs. That is, there exists an orbifold chart (U X ,T X ) at x such that 
Ix\u =9x\u (which as before implies / = g), 



where we have dropped the requirement that f , 



BB08 



: @9,a;, we recover the notion 
Section 3]. Thus, the set of 



of orbifold map (f,{fx}) which appeared in 
orbifold maps Co rb (0i, O2) can be regarded as the equivalence classes of complete 
orbifold maps under the less restrictive set-theoretic equivalence (4). The following 
simple example is illustrative. 



Example 7. Let O be the orbifold M/Z2 where Z 2 acts on R via x — > —x and 
/ : O — > O is the constant map / = 0. The underlying topological space Xq 
of O is [0,oo) and the isotropy subgoups are trivial for x G (0,cx)) and Z 2 for 
x = 0. The map /o = is a local equivariant lift of / at x = using either of 
the homomorphisms 0/.o = Id or Oy = e. Of course, for x 0, we set f x = 
and 0/,:r = 0/z = the trivial homomorphism T x — e e e T a = Z 2 - Thus, as 
complete orbifold maps (/, {f x }, {Qf, x }) # (/, {f x }, {Q' f , x })- However, simply as 
orbifold maps, they are considered equal. 



If we replace (*4) in definition [5] by 

(♦4) (Equivalence) Two complete orbifold maps (/, {f x }, {Qf. x }) and 
(ffj {dx}, {0g,x}) are considered equivalent if / = g and for each 
x G 0i, we have 0/,^ = ® g , x , 

where we have dropped the requirement that the germs of the lifts f x and g x agree, 
we obtain a new notion of orbifold map (/, {0 f, x }) which we call a complete reduced 
orbifold map. The set of smooth complete reduced orbifold maps will be denoted by 
C^ Orb (0i, 2 ). As before, it is clear that C^ 0rh (Oi, 2 ) is a set-theoretic quotient 

If we replace (4) in the definition of orbifold map, or (i4) in the definition of 
complete reduced orbifold map, by 

(•4) (Equivalence) Two orbifold maps (/, {f x }) and (g, {g x }), (or, complete re- 
duced orbifold maps (/, {0 f x }) and {g, {0 g x })) are considered equivalent 
if/ = 9- 



we obtain the notion of reduced orbifold map from |BB02|. The set of smooth 



reduced orbifold maps will be denoted by CJ cd (Oi, 2 )- Like before, it is clear that 
6*^(01, 2 ) is a set-theoretic quotient of both C r 0rh {0 1 ,0 2 ) and C*; Orb (0i, 2 ). 



Notation. Since we will often need to distinguish between these various notions of 
orbifold maps, we will denote a complete orbifold map (/, \f x }, {0/,x}) by and 



represent an orbifold map (/, {f x }) simply by / as in 



BB08 



a complete reduced 



orbifold map (/, {0/^}) by 4 /, and a reduced orbifold map by ./. 



6 



JOSEPH E. BORZELLINO AND VICTOR BRUNSDEN 



Diagrammatically, we have the following: 



/eCS rb (Oi,O a ) 



./ec; cd V,o 2 ) 

where the q's represent the respective set-theoretic quotient maps. Understanding 
how these notions are related in the special case of the identity map is crucial in 
what follows. 

Example 8. (Lifts of the Identity Map) Consider the identity map Id : O — > O. Let 
x £ O and (U X ,T X ) be an orbifold chart at x. From the definition of orbifold map, 
it follows (since 1^ is finite) that there exists 7 S T x such that a lift Id^ : U x — > U x 
is given by Id x (y) = 7 • y for all y G U x . Since Id x is Q\^ x equi variant we have for 
5eT x : 

Id x (5 ■ y) = @id,x{8) ■ ld x (y) hence 

7 5 • y — Oid,x(^)7 ' V which implies 

since T x acts effectively that 
7<5 = Qu, x (S)j or, equivalently, 

e Id ,x(£) = 7*y _1 

Thus, the isomorphism <9m. x is completely determined by the choice of local lift 
Ida;. This implies that the group 3D of orbifold maps covering the identity may 
be regarded as the same as the group *UD of complete orbifold maps covering the 
identity. That is, we have the bijective correspondence 

(Id, {y h-> -y x ■ y}, {&u,x}) < > (Id, {y >-> l x ■ y})- 

Suppose now that {U Xi } is a countable (possibly finite) cover of O by charts. Then 
3D can be regarde d as a subgroup of the product Y[ T Xi as in the proof of corol- 
lary 1.2 in |BB08] . Two inner automorphisms, 6 1— > 7^7^ , give rise to the same 
automorphism of T x precisely when 71 = (72 where £ £ C(T X ), the center of T x . 
Thus, if we let C = C(3D) C Yi C{p Xi )-, then one can see that the complete reduced 
lifts of the identity 4 3D = +3D/C, where the free C-action on +3D is defined by 

(Ci) • (id, {il >-» j Xi • v},{e MllB J) = (Id, {y ^ (c i7 x 4 ) • yHOQid^Cr 1 = ©id,,,}). 

Also, note that the correspondence +JD «-> 3D gives an isomorphism ^3D = 3D/C 
which in turn is isomorphic to Inn(3D), the group of inner automorphisms of 3D. 
Thus, we have the exact sequence 

1 -> C(JD) -> ^JD = 3D -> ,UD -> 1 

Notation. For a (not necessarily compact) orbifold AT, we will use the notation 
3D TV" to denote the group of orbifold lifts of the identity map Id : Af — ► Af. Suppose 
/ : C>i — > O2 and let the orbifold A/" be an open neighborhood of the image f{0\). 



THE STRATIFIED STRUCTURE OF SPACES OF SMOOTH ORBIFOLD MAPPINGS 7 



For an orbifold map {.}/ (of any type) and I = (Id, {r] x -y}) £ 3T)j^ we can compute 
I°{.yf. Namely, 

/ o J = I o (/, {/,}, {e /)B }) = (/, { Vx ■ f x }, { 7 i > VzQfAl^ 1 }) 

I°*f = I°(f, {©/,*}) = (/, {7 - %@/,x(7)C X }) 
Iof = Io(f, {f x }) = (/, { Vx ■ f x }) 

I°.f = .f 

Suppose {r^} denotes the family of isotropy groups for an orbifold N and for 
subgroups A x c r x , let {A^} denote the corresponding family of subgroups. In 
what follows, we will use the notation (JD^/){a } for the subgroup of 3T) jv defined 
by 

{7 e Wfj I I = (Id, {y h-> X x ■ y}) where G A x for all x}. 

Lastly, for a fixed orbifold map (.1/ (of any type), we let (3T)j^) ■ {.}/ denote the 
orbit under the action of 3D_\f. 

(W^)- { . } f = {Io { . } f\leW^} 

and we let (JDjv) { ,/ denote the corresponding isotropy subgroup of {.}/ under the 
action of JD^/: 

{I e TOjv" 1 1 {•>/ = {•}/}• 

It is also important to note that JDaa is a finite group in the special case that 
the source orbifold 0\ is compact: one may choose the open neighborhood TV of 
f(Oi) to be relatively compact and since can be covered by finitely many orbifold 
charts {U Xi }, the observation that 3D C from example [8] is enough to show 

that, in this case, 33}fj is finite. 

Implications for the definition of orbifold structure. Recall the following 
commutative diagram of maps which appears in the definition of a smooth classical 



effective orbifold BB08 



U z *U X 



U z = U z /T z ^ U x /T x = U x 

where for a neighborhood U z C U x with corresponding U z , and isotropy group T z , 
there is an open embedding i\) zx : U z — > U x covering the inclusion ip zx : U z '—>■ U x 
and an injective homomorphism 9 ZX : T z — > T x so that ip zx is equivariant with re- 
spect to 9 ZX . For the standard definition of orbifold which appears in the literature, 
it is understood that ip zx is defined only up to composition with elements of T x , 
and 9 ZX defined only up to conjugation by elements of T x . However, here, we may 
regard ip zx as being from any of the notions of orbifold map we have defined, thus 
giving an orbifold 0, or more precisely, an orbifold atlas for O, one of four differ- 
ent structures depending on how one keeps track of lifts ip zx and homomorphisms 
9 ZX . Thus, it makes sense to speak of a complete orbifold structure ±0, a complete 
reduced orbifold structure +0, an orbifold structure O . and lastly, a reduced orbifold 
structure ,0. Thus, the standard definition of orbifold would correspond to our 
notion of a reduced orbifold structure. The reader should take care to note that 



s 
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the term reduced orbifold also has been used in the study of so-called noneffective 



orbifolds CR02 . Our use of the term reduced orbifold structure is unrelated to this. 
In this paper, the term orbifold will require that the chart maps ip zx be regarded as 
orbifold maps in CQ rh (U z , U x ) as defined above. We also point out that there is no 
fundamental difference between a complete orbifold structure +0 and an orbifold 
structure O and that any reduced orbifold structure ,0 is obtained as a quotient 
an orbifold structure O by the action of 3D on orbifold atlases. This follows from 
example [8] and the fact that any two lifts of %jj zx must differ by a lift of the iden- 
tity map on U x . Lastly, we remark that, in general, for an orbifold structure O, 
ipzx ''Pyx ° ipzy when U z C Uy C U Xl but there will be an element 5 G T x such 
that S ■ tp zx = ipy X o ip zy and S ■ 9 ZX {^) ■ S^ 1 = 6 yx o 6 zy (j). 

Relationship among the different notions of orbifold map. In this sub- 
section we give a series of lemmas that discuss the relationship among the various 
notions of orbifold map for a fixed map / : Ox — * 0%. In scction[3] we will topologizc 
these sets of mappings and discuss the local structure of these relationships. Our 
first lemma makes explicit the relationship between the complete reduced orbifold 
maps and the complete orbifold maps. 

Lemma 9. Let */,*/' G C£ Orb (0i, (D2) be complete orbifold maps which represent 
the same complete reduced orbifold map. That is, +f = f f G C^ 0rb (Oi, O2), so 
that J = (/,{/*}, {6/,*}) and J' = (/, {/»}, {B fiX }). Let C x = C rf( JQ f , x (T x )) 
denote the centralizer of O f >x (T x ) i n ^f(x)- Then there is an orbifold M which is 
an open neighborhood of f{0\) in O2 and an orbifold map L G (32)jv){Cx} SMC ^ 
that */ = / o */'. Moreover, if the stated condition holds for two complete orbifold 
maps */ and */', then »/ = 

Proof. Since f x and f' x are local lifts of the same map /, there exists r\ x G ^f( x ) 
such that f' x (y) — r] x ■ f x (y) for all y G U x . Thus, for all 7 G T x we have, on one 
hand, the equivariance relation f x (j ■ y) = 6/^(7) • f x (y) while on the other hand, 
the equivariance relation must be f x (j ■ y) = r] x ■ f x {~{ ■ y) = rj x 0/,x(7) ■ f x (y) = 

Vx®f,x('i)'nx 1 ' fxiv)- Tnis implies that 0/, x (7) = Vx&f,x(l)v x 1 and thus r\ x G C x . 
The orbifold AT may be taken to be JV = U X £OiVf(x)> where Vf( x ) is an orbifold 
chart about f(x) G Oi- We have thus shown the first statement of the lemma, and 
the last statement is clear from our computation above and the definitions. □ 

Example 10. Let O be as in example [7j Consider the complete orbifold map 
*/ = (f,{f x },{Qf.x}) which covers the inclusion map f: (D—>OxOxO,y>-^ 
(y,0,0), where f x (y) = (y, 0, 0) and Q f ,o{j) = (7, e, e) G r (0 , ,o) = Z 2 x Z 2 x Z 2 
(for x 7^ 0, @f, x is the trivial homomorphism since = {e}). Now, 770 = (e, 7, e) G 
Cr ( o,o,o)(0/,o(ro)) and % • fo(v) = Vo • (v,0,0) = (y, 0, 0) = f (y). Now let the 
(finite) group (3lV){c x } he as in lemma|9] For fixed */, let (JDwOfaj 1 */ denote 
the orbit of*/. This example shows that the orbit map (Id, {X x -z}) 1— > (Id, {A x -z})o 
*/ may have nontrivial, (but finite) isotropy. Thus, if we let (3D w)*/ C (TOwO-fc^} 
denote the isotropy subgroup of*/, then (3D^){c !C }/(3I ) A r ) 1 / — (^m){c x } • *f 1S 
a homeomorphism (of discrete sets). 



The next lemma describes the relationship between the orbifold maps and the 
reduced orbifold maps. 
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Lemma 11. Let f,f G CQ rh {0\,02) be orbifold maps which represent the same 
reduced orbifold map. That is, ./ = ./' € C^ cd (Oi, O2), so that f = (,f,{f x }) 
and f = {f,{f' x })- Then there is an orbifold Af which is an open neighborhood of 
f{0\) in 02 and an orbifold map I — (Id, {r] x ■ 5}) S 3Dj^ with r\ x £ ^f!x) such 
that f = I o f . Moreover, if the stated condition holds for two orbifold maps f and 
f, then.f = .f. 

Proof. Af can be chosen as in lemma [9] and the proof follows from corollary 1.2 in 
[BB08] , □ 



Remark 12. Similar to the situation described in example 10 example [7] shows that 
the orbit map 3T)_\f ■ f may have nontrivial isotropy. 

Next, we describe the relationship between the complete orbifold maps and the 
orbifold maps. 

Lemma 13. Let */, £ Cl 0rh (Oi, O2) be complete orbifold maps which rep- 
resent the same orbifold map. That is, f = f £ CQ rb (Oi, O2), so that */ = 
Ui{h}A®f,x\) and = (/, {f x }, {Q' f x }). Then, for each x € 0\, 7 € T x , and 
y € U x we have 

{[0/ ) ,(7)]" 1 [e / , :c (7)]}-/x(y) = /x(y). 

Moreover, if the stated condition holds for two complete orbifold maps and */', 
then f = f. 

Proof. For all 7 <G T x and y £ U x , we have, Of, x (j)-f x (y) = f x (j-y) = @' f , x h)-f x (y) 
and the first statement follows. To see the last statement, let */ = (/, {f x }, {Qf, x }) 
and */' = (/, {f x }, {Q'j x }). Note that the condition stated implies that f x (y) — 
&f, x (e)-f x (y) = Q' f>x (e) ■ I'M = I'M- □ 

Remark 14. Notice that this relationship is qualitatively different than the rela- 
tionships described in lemmas [9] [IT] and |16| in that it is given as an equality of 
actions of @f, x (T x ), 0j X (T X ) on the image f x (U x ) and not as an equality of &f tX 
and Q'j x as homomorphisms themselves. That is, the representation of Qf^ x (T x ) 
and Q'f I (r i ) induce actions that when restricted to f x (U x ) are equal. 

Remark 15. Example |7| exhibits the behavior described in lemma [T"3| A slightly less 
trivial example is to consider the inclusion map of example [10] f:O^OxOxO, 
y 1 — ► (y,0,0), where f x {y) — (y, 0,0). Note that /o is equivariant with respect to 
both 9/,o(7) = (7,e,e) and 6^(7) = (7,7,7). 

The next two lemmas describe the relationship between the complete reduced 
orbifold maps and the reduced orbifold maps. Given the conclusion of corollary [4] 
this relationship is necessarily more complicated. 

Lemma 16. Let +f S C^Orb(^ 1 '^ 2 ) be a complete reduced orbifold map and 
let Af be an open neighborhood of f{0\) in Let I = (Id, {r) x ■ z}) £ 3D^f 

with r\ x £ ^f( x )- If the complete reduced orbifold map 4 /' — I o 4 / then ,/ = 
./' S C r rcd {Oi,0 2 ). Furthermore, if is in the orbit (3T> Af ) ■ .f, then 6^(7) = 
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Proof. Let ,/ = (/, {Qf, x }) and »/' = (f ,{Q' f J). Let f x J' x be local lifts equi- 

variant with respect to 0/^,0^ respectively. Since »/' = Io+f, f' x {y) = T] x - f x {y) 

for all y € U x , so f x and f' x are local lifts of the same map / = /'. This implies 
./ = ./'. The last statement follows from the way "JDfj acts on 4 f. □ 

Remark 17. Here, like before, the orbit map (Id, {r/ x ■ z}) i— > (Id, {rj x ■ z}) o 4 / may 
have nontrivial, (but finite) isotropy. In fact, (3D_/v) 4 y = (^TW^c^}; the orbifold 
map lifts of the identity given by elements of Cr /(x) (© f, x (T x )) described in lemma|9j 

In light of lemma [l6] we define an equivalence relation the preimage q^ l (,f)- 

(t) ♦/ - (/, {e/,,}) ~ ♦/' - (/', {e' f j) <=► ,f = / o ,/ 

for some J € 32) aA- That is, for all x € Oi, there exists % € ^f(x) such that 
®/,x(t) = VxQf^i^Vx 1 f° r a ^ 7 e Fx- Denote the equivalence class of by 

Lemma 18. Let [ 4 / = (/, {0/>})] ^ [♦/' = (/, ^ e different equivalence 

classes of complete reduced orbifold maps which represent the same reduced orb- 
ifold map. That is, ,/ = ,/' € (7^(01,02). TTien there exist local lifts {fx} 
which are equivariant with respect to both {Qf, x } and {rj x Q'j: x r\~ } with {&f, x } 
{VxQf x Vx } as homomorphisms. However, for each x € C?i, 7 € r x , and y EU X 
we have as actions on f x {U x ) 

($) e />x ( 7 ) • / x (y) - f fe e , /iSB ( 7 )T 7 J 1 • 

Proof. Since ,/ = there exists rj x £ ^f( x ) such that f x (y) — rj x ■ f' x {y) for all 
y G U x - Thus, we conclude that f x = r\ x ■ f' x is also equivariant with respect to 
■q x Q' fx T]~ l . Since [ 4 f] ^ [»/'], we have {Qf, x } ^ {r] x Q' f x r) x x } as homomorphisms. 

□ 

Remark 19. Example [7] illustrates the phenomena dealt with in lemma [18) Lem- 



mas 



1G 



and 18 show that the quotient map q, : C^ 0rb (Oi, O2) — > C r , d (Oi, O2) 
factors q, — q%o qy- 

f 91 r « 9* 




where gj, represent the quotient maps under the equivalences (f) and {%), re- 
spectively. 

3. Function Space Topologies 

It is easy to define a C s topology (1 < s < r) on the set of smooth complete 
orbifold maps Cl 0lb (0, V) with O compact. Although much of what we do applies 
to noncompact O we will assume O to be compact. As such, implicit in some 
of the discussion is that O has been equipped with a finite covering by orbifold 
charts. The topologies we define have already been shown to be independent of 
these choices of charts [BB08 . 

Definition 20. Let J = (/, {f x }, {Q f , x }), *g = (g, {g x }, {Q g<x }) e C: 0rh (0,V). 
Then a C s neighborhood of */ is defined to be 

X s U,e) = Ug=(g,{~gx},{Q 9 ,x}) \ 

g G JV s (/,e) and 9 f{x)z o 6 /iX = 6 g[x)z o 6^ for all x e O} 
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where N s (/, e) is the C s orbifold map neighborhood of / defined in [BB08| . &f( x )z ° 
©/,a; = ®g{x)z ° ®g.x is to be interpreted as follows: There is a small enough 
orbifold chart U x about x, such that the images of both f x (U x ) and g x (U x ) are 
contained in a single orbifold chart V z and Qf( x )z ° — ®g( x )z ° @g,a; where 
8f{x)z,9g(x)z '■ FfMi^gM r z are the injective homomorphisms given in the def- 
inition of orbifold. It is important to note that this condition is more than just 
an isomorphism of groups, but is an equality of their representations as actions on 
V z . The collection of sets of this type form a subbasis for the corresponding C s 
topology onCI Orb (0,n 

Similarly a C s neighborhood of = (/, {©/, x }) is defined to be 

n s u/, £ ) = {♦<? = (<?,{e 9 ,x}) e c; 0rb (o,p) | 

..g € and f{x)z o 9/,^ = 6> g(a .) 2 o Q g x for all a; G 0} 

where N s (./,£) = {.g € C^fO.P) | .g e M s (/o /,e) for some / S TOaa}. Here, TV" 
denotes, as usual, an open neighborhood of the image f(0). 

Observation. Suppose */ = (/, {f x }, {©/,*}) and */' = (/, {f x }, {<d' f x }) are two 
complete orbifold maps in C£ Orb (0, V) such that / = /' as orbifold maps. Then 
*/' = (/,{/*},{©/,*}) £ K s (*/,e) for any e unless {6^J = {6/,*}. Otherwise, it 
would follow that Qf{ x ) z ° 0/,a = @f(x)z ° contradicting injectivity of 0f( x ) z - 

Of course the same argument shows that if g = g' as orbifold maps, then +g — 
(di {9x}, {©g,z}) and *</ — (g, {g x }, {Q' g , x }) cannot both belong to a neighborhood 
N s (*f, e) unless {® g , x } — {Q' 9yX }- As a consequence, we see that the preimage 
<7 _1 e)) C CJ 0rb (C,7 : ') is a (finite) disjoint union of neighborhoods of the 

form where */j = (/, {/ x }, {6/^}^). Similarly, we see that the preimage 

q" 1 (3\f s (./, e)) C C^ 0l . h (0, V) is a (finite) disjoint union of neighborhoods of the 
form W(tfi,e) where = (f,{Of, x }i). 

For reference, we have the following diagram of maps: 




We now show that the action of identity maps is compatible with the C s topology 
on Cl 0th {0,V). Let J = (/, {/ B }, {Q f<x }) S Cl 0lh (0,V) and let the orbifold Af 
be an open neighborhood of the image of f(O). Let e > be chosen so that if 
*9 = (9, {§<c}, {©a,*}) e N s (*/,e), then 5 (C) C AT. Let / e be an orbifold 

map lift of the identity over Af. Then by example [8] / has a representation as 
J = (Id, {u> h-> 7 2 • w}, {<5 h-> 7 Z (577 1 }). 
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Lemma 21. With ^g 6 N s (*/, e) as above, we havelo+g e j\P(/o e). TTius, £/ie 
ZocaZ action of3Dj^ on a neighborhood of+f is continuous. In fact, I : N s (*/,£) — > 
N s (/ o */,£■), t j ^ 1 o ^g, is a homeomorphism. In fact, the map I is a C°° 
diffeomorphism. 



Proof. The homeomorphism claim is im medi ate from the definitions once one re- 
alizes that if U x is chosen as in definition 
then for 5 ET X , 



20 



so that 9j(x)z = 0g(a:)z ° Q 



/ ° */ = (/. {7. • /*}, {lz{e f{x)z o G/^hJ 1 }) and, 
I°*9= (9, {lz ■ 9x}, {lz(0g(x)z ° ©g.sOOhJ 1 })- 
The smoothness claims follow from lemma l50l in section [9l □ 

Assuming theorem [l] we can now prove corollary [2] 

Proof of corollary^ Let = (/, {G/, x }) € C; 0rb (0, P). For small enough e > 0, 
it is clear that Q* = q, 1 (N r (»/,e)) = |J iN^*/,, e) C C$ 0lh {0,V), is a finite dis- 
joint union of neighborhoods of the form j\T r (*/,, e) where */, = (/, {f x }i, {©/s})- 
If = Cr, (fl/^ oG^CTa,)) (which = C r J0 s(x) 2 oQ SjX (r x ))), then lemmas P and 
21 imply that (3T>^f)^c,} ac ts smoothly and transitively on fibers of Q*. Examplc[To| 
shows that this action is not necessarily free. To understand what happens under 
these circumstances, suppose that I S (3D./v){c z } nxes */ = (/i {fx}, {©/,»}) S 



c^U/). Let , 5 = ( 5 , {Q s , x }) € 3f(J )£ ). By lemma[2lj I o „g e WU,e). 
This shows that g 4 defines an orbifold chart. Since each N r (+fi,s) is an open man- 
ifold by theorem [I] and the action of (31)^f)^c z } is smooth, corollary [2] follows. □ 

Proposition 22. The quotient map q\ : N s ( 4 /, e) — > N s ([»/], e), ♦/ = (f,{®f,x}) 

= (/, {[0/, x ]}) is a local homeomorphism. In fact, it is the quotient map defined 
by the group action ofiD^s acting via ^/w/o 4 /. 

Proof. It is clear from the definitions that Qf = q<| (N s ([»/], e)) consists of finite 
disjoint union of neighborhoods of the form N s (*/i, e) where f /j = (/, {r^iG/^T?" J}). 
The last statement follows by observing that 3D_\f acts transitively on Of and if 
♦ / = Io *f, for I = (W,{y -> Vx-y}), tnen ^ S (5!IV){ 0je} where C z = C Vz (6 f{x)z o 
9/,x(r x )). Since C z also is = C Tz (0 g{x)z o Gg !X (r x )) for any ,5 G M s (»/,e), we see 
that any such / fixes pointwise the entire neighborhood 3V S ( 4 /, e) and the result 
follows. □ 

Later we will have need to refer to the following useful fact about the relation 
between */ and maps +g € jSf s (*/, e): 

Lemma 23. Let +g = (g, {g x }, {G gjX }) € N s (*/, £)■ Then for each x <E O, Q/ iX — 
®g(x)f(x) ®g.x ■ — > Moreover, f x {x) and g x (x) both belong to the same 

connected (closed) stratum V^Zf ={y£ I ^ ' 2/ = 2/ f or a ^ $ € G/ iX (T x )}. 

Proof. In definition [20| we may choose z = /(a:). This yields the stated equality of 
homomorphisms immediately. Recall that ip g ( x )f( x ) denotes a lift of the inclusion 
map ipg( x )f{x) '■ Vg(x) ^ Vf(x) given in the definition of orbifold atlas. So, ipg(x)f(x)° 
9x ■ U x -> 9x(U x ) <->• %( x ) is equivariant relative to S ( X )/( X ) ° G S)X , which by 
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hypothesis is the same as f tX . Thus, for each 7 G T x we have 

i>g(x)f(x) 9x(x) = i>g{ x )f{x) 9x{l ■ X) = (Og(x)f(x) ° @S,a:(7)) ' 9x{x) 

= QfAi) -~9x(x) 

from which it follows that g x (x) G vfr^f^ ■ □ 

4. Applications to the Orbifold Diffeomorphism Group 

In this section, we show how the discussion of the previous sections applies to orb- 
ifold diffeomorphisms. For simplicity, we will continue to assume that the orbifold O 



is compact. In BB08], we studied the group of orbifold diffeomorphisms Diff Orb (0) 



and the reduced orbifold diffeomorphisms Diff^ cd (C) showing that each carried 
the structure of a (topological) Banach/Frechet manifold. In fact we expressed 
Diff; ed (C) as the quotient Diff 0rb (0)/3D, where, of course, W C Diff 0rb (0) rep- 
resents the (finite) group of orbifold map lifts of the identity on O. 

For diffeomorphism groups, it is not hard to see that the group of complete 
orbifold diffeomorphisms Diff^ 0rb (0) may be regarded as the same as Diff Orb (0) 
in much the same way that example [8] illustrated the correspondence +33D <-> 3D. 



This follows from the proof of corollary 1.2 in BB08 , where it is shown that if 
/ij/2 G Diff 0rb (0) represent the same reduced diffeomorphism ./ e Diff ^ cd (C), 
then /1 o f^ 1 e 3D. In the diffeomorphism case, one should note that since all 
homomorphisms O f tX are actually isomorphisms and we assume isotropy groups 
act effectively, the behavior exhibited in lemmas [13] and [18] cannot occur. There 
can never be multiple O/^'s corresponding to a particular local lift f x . Collecting 
the results of example [8] and lemmas [9] [T6| and [2T| and exploiting the fact that, in 
the case of diffeomorphism groups, we have a global (C°°-) smooth action of 3D, 
we get the following algebraic and topological structure result. 

Theorem 24. Let O be a compact smooth C' r orbifold. Then the following se- 
quences are exact: 

l^3D^ Diff 0rb (0) — > Diff^O) — 1 
1 — > C{3D) — Diff Orb (0) — Diff; Orb (0) — 1 
1 — > ,33d = 3D/C(3D) — > Diff; 0rb (0) — Diff^O) — 1 



where C(3D) denotes the center of 3D. Moreover, each of the diffeomorphism groups 
Diff Orb (0) , Diff^ortX^') an d Diffr d(C) carries the structure of a smooth C°° Ba- 
nach (r < 00 )/Frechet (r — 00) manifold. 

Theorem 25. Each of the diffeomorphism groups Diff Orb (0), Diff^ 0r b(C) an d 
Diff^ cd (0) is a topological group. That is, composition and inversion are continuous. 
Futhermore, when r — 00, Diffo° rb (0), Diff^, rb (C) and Diff^ d (0) are convenient 
Frechet Lie groups. 

Proof. For < r < 00, the group multiplication n(f,g) = f ° g and inversion 
inv(/) = / _1 in the diffeomorphism group Diff 0rb (0), corresponds to composition 
and inversion of the C r local equi variant lifts. These operations are known only 



to be C°. This follows by the so-called fi-lemma of Palais Pal68 , a suitable 



version of which is stated as lemma 52 for completeness. Thus, Diff 0rb (0) is a 
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topological group. The structure result of theorem [24] then yields the topological 
group structure for Diff; 0rb (0) and Diff^ cd (C). 

For r = oo, by lemma [5lj group multiplication ii{f,g) = f o g is smooth since 
Diff 2 rb (0) is an open submanifold of C o o rb (O,0) by |BB08[ section 7]. To show 



that inversion is smooth, we use the argument given in KM97 Theorem 43.1]. Let 
c = ( c *, {& x }) : R -> Diffo rb (0) C CgJ. b (C, O) be a smooth curve. Then, in a local 



orbifold chart by corollary 49 the mapping c A : (0,1) x [7^ — > Vi is smooth and 
(invoca;) A satisfies the finite dimensional implicit equation c A (t, (invoca;) A (i, y)) = g/ 
for all t e M and y £ U x . By the finite dimensional implicit function theorem, (inv o 



c x ) A is smooth in (i, y). Hence, by corollary 49 inv maps smooth curves to smooth 



curves and is thus smooth. This shows that Diffo r b(C) is a convenient Frechet 



Lie group and thus, by the structure results of theorem 24 so are Diff ^o rb (0) and 



Diff£d(0). □ 

5. Why Non-Orbifold Structure Stratifications Arise 

In this section, we wish to give an example on why non-orbifold structure strat- 
ifications arise in the topological structure of our orbifold maps. We first recall a 
definition of stratification in the infinite-dimensional setting. We will use the defini- 



tion found in Fis70 or Bou75 for infinite-dimensional stratifications although we 
do not need the full generality presented in these references. In our case, each point 
with a stratified neighborhood has only a finite number of strata coming together. 

Definition 26 (|Fis70, Bou75| ). Let X be a topological space and A a countable set 
with partial order -<• A partition of X is a collection of non-empty pairwise disjoint 
subspaces {^ Q } indexed by A such that X — U ae jiX a . A partition {X a } a ^ji is a 
stratification of X if 

(1) each X a is a submanifold when given the topology induced by X and, 

(2) I Q nI>^,a^ (3, then /3 ~< a and X a C Xp. 

The X a are called the strata of the stratification and may have many connected 
components. Moreover, condition ^ implies that Xp — Xp C U a ypX a . 

Before we show how these stratifications arise, we first present a simple example 
to help motivate the discussion. 

Example 27. Consider the situation described in Example [7j O is the orbifold 
K/Z2 where Z2 acts on E via x — * — x and / : O — > O is the constant map 
/ = 0. The map Jo = is a local equivariant lift of / at x = using either of 
the homomorphisms O/ o = Id or = e. Of course, for x ^ 0, we set f x = 
and O/^ = ©/a; = the trivial homomorphism = e 1— > e G To = Z2. Thus, we 
have two complete orbifold maps */ = (/, {6/>}) and = (/, {/,.}, {6/^}) 
which cover the same orbifold map / = (/, {/ x })- 

We need to first compute J\f r (^/, e). We will do this in detail since this is the 



first time we have done an explicit computation of this type. Using definition 20 
and the notation there, let *<? € J\f r (^/, e). For all x e O we may choose z = and 
thus V z = Vo may be chosen to be the interval (— e,e) as a chart about in the 
target. There are two cases to consider: x — and i^O. For x = 0, let f/ be 
any orbifold chart about 0. It follows that the local lift go over x — must take 
G J7 to € Vq- To see this, suppose to the contrary that <?o(0) = y 7^ 0. By 
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definition |20| we must have the following equality of homomorphisms from Z2 = To 

to r : 

0/(0)0 Q/,0 = #g(0)0 @<?,0 

id = 6 y o o e g , 

However, O g ,o : To — * T y = {e} has nontrivial kernel which contradicts the last line 
above. We thus may conclude that for x = 0, go(0) = and 6 Si o = @/,o = Id. 
From O g o = Id, it follows that the local lift go must be an odd function. For 
i^0, there is no restriction on g x arising from equivariance since T x = {e} and 
@f(x)o 0/.z — ®g(x)o ®g.x '■ — * To will always be the trivial homomorphism 
ei->e. Putting this all together we have shown that 

q(3<$ r ( it f,e)) = {g £ C 0rb (C) | H^H < e and go is an odd function}. 

We now use a similar argument to compute N r (*/',e). Let *</ € N r (*/', e). For 
i^O, ®/ s = so we conclude as above that there is no restriction on g x 

arising from equivariance. On the other hand, for i = 0we must have the equality 
of homomorphisms #/(o)o ®/,o = ®g'(o)o ©s',o : To — > To. Since Q'j Q = e, 
injectivity of g '(o)o implies that O g ',o = e. Thus, there is no restriction on g 
arising from equivariance either and we can conclude that 

q(W(*f' ) s))={g'€C r 0lh (0)\\\g x \\<e}. 

Here, it is clear that q(N r (*f, e)) is a proper subset (later, a submanifold) of 
q (N r (,t/', e)), and that any orbifold map 5 e N r (f,e) must be in g £)) 
so that the topological structure of a neighborhood of / is completely determined 
from only an understanding of the topological structure of q (3\T r ( >i /'', e)) which in 
turn is determined by the structure of Jsf r (^/', e), which will be shown to be a 
manifold. 

Unfortunately, in general, the topological structure of a neighborhood of an 
orbifold map / is rarely determined completely by the topological structure of a 
single neighborhood of one of its complete orbifold lifts <7 _1 (/). This is illustrated 
in the next example. 

Example 28. Let O = R/Z2 with Z2 acting with generator a, where a ■ x = —x 
as above. Let V = R 3 /(Z 2 X Z 2 ) where Z 2 x Z 2 = (j,k \ j 2 = k 2 = 1 = \j,k\) 
with the action defined by j ■ (x, y, z) — (—x, y, —z) and k ■ (x, y, z) — (—x, —y, z). 
Consider ./ £ C£ ed (0,V) defined by ,f(yi) = (2/1, 0,0) and choose the orbifold 
map / £ ?T 1 (»/) gi vcn by / = (/, {yi i-> (yi,0, 0)}). That is, for each x £ O, the 
local lift f x (yi) = (j/1,0,0) on U x . Since T x is trivial when x ^ and To = Z2, 
there are precisely two complete maps in q~ 1 (f): 

*f = (/,{yi^(yi,0,0)},{6 / , :a^i}) 
*/' = (/,{yi-(yi,0,0)},{e} iO :a^fc}). 

Note that since f yX is the trivial homomorphism e t— > e for all 1 ^ 0, we have 
only indicated the two possible homomorphisms at x = 0, namely, O f _ , Oj : -To — 
Z2 — > r(o,o,o) = Z 2 x z 2 . 



We will proceed as in example 27 and first compute N r (,t/, e). Let S N r (*/, e). 
Then *g has a representation 

*9 = (5, {g x = (yi + (ffi)x(yi), (h)x(yi), (33)^(2/1)}, {©<,,*})■ 
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For i^Owe have T x — {e} so, like before, there is no restriction on {gi) x , i = 1, 2, 3 
arising from equivariance. Thus, we focus on lifts (gi)o over a chart Uq about x = 0. 
We may assume that V z = Vg where we have shortened the subscript (0, 0, 0) to 
£ R 3 . We will continue to do this for the remainder of this example. 

By lemma 23 3o(0) € vS e '^ = y-axis and 6 5i o : To - * ^g(o) is a ^ j. We now 



compute 

so(<* • yi) = ffo(-yi) = (-j/i + (<?i)o(-2/i), (.92)o(-yi), (53)o(-yi)) ■ 

On the other hand, 

3o(« • 2/i) = ©g,o(a) ■ 3o(2/i) = j ■ 9o(yi) 

= (-2/1 - (51)0(2/1), (32)0(2/1), -(33)0(2/1)) • 

Thus, 

?(Jf( i / )£ )) = { ff e(7 0rb (0,P) I 

Wsix — /all < £ with (51)0, (33)0 °dd functions and (32)0 an even function}. 
Similarly, we have 

q{WW,e)) = {g' &C r 0rh (0,V) I 

1 1 9x ~ fx\\ < £ with (3x)o, (32)0 odd functions and (33)0 an even function}. 

Thus, the corresponding neighborhood of the orbifold map / is the union of two sets 
N r (/, e) = <7(N r (±/, e)) U q(W(+f , e)) each of which will later be shown to carry a 
Banach/Frechct manifold structure. Their intersection is along the submanifold 

H = q(W(J,e))nq(X r Uf',e)) = 

{h&C r OTh {0,V) I -/,|| <e with fto(27i) = (m + (fti)o(27i),0,0) 

where (/ii)o is an odd function}. 

Thus, the neighborhood Ji r {f,e) has a stratified structure (see figure [T]): Just let 
A = {a,/3, 7} with partial order f3 -< a, 7 -< a and define X = W(f,e), X a = H, 
X p = q(W(*f, £)) - 7Y, and X 7 = q(W(*f, e)) - W. Moreover, since JS r (f, e)-H 
is not connected we see that this stratified structure is not that of an orbifold 
structure as removal of the singular set of an orbifold never disconnects a connected 



component of the orbifold |Bor92 Bor93 . Furthermore, if we let J\f denote an open 



neighborhood of the image /(O), then from |BB08 a neighborhood of the reduced 
orbfold map ./ is given by N r ( m f,e) = j\T r (/, e) /3D where 3Djv acts in such a 
way that the quotient map restricts on each stratum to give a smooth orbifold chart 
(see proof of corollary [4] which appears at the end of section [8j. Thus, J\T r (•/,£) 
has a non-orbifold structure stratification also. 



6. The Tangent Orbibundle, Pullbacks and Orbisections 

The tangent orbibundle. We recall the definition of the tangent orbibundle of 
a smooth C r+1 orbifold. 

Definition 29. Let O be an n-dimensional C r+1 orbifold. The tangent orbibundle 
of O, p : TO — ► O, is the C r orbibundle defined as follows. If (U x , T x ) is an orbifold 
chart around x £ O then p _1 (Kc) = (U x x R n )/T x where F x acts on U x x R n via 
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«/ = (/, {/»}, {%,„}) 




Figure 1. A stratified neighborhood 

7 • (y,£>) = (7 • y,djy(v)). In keeping with tradition, we denote the fiber p (x) 
over x £ U x by T^O = ]R™/r x . Note that, in general, if T x is non-trivial then T x O 
will be a convex cone rather than a vector space. Locally we have the diagram: 

TU X = U x x R" — (U x x M™)/^ 

P r i p 

u x >u x 

where pr x : U x x W 1 — > t/^ denotes the projection onto the first factor (y, w) 1— > y 
(which is a specific choice of lift of p) . 

Pulling back an orbibundle. The definition of the pullback of an orbibundlc 
depends crucially on the notion of orbifold map. In simple examples, we will see 
that a unique notion of pullback exists only when using complete orbifold maps. 
On the other hand, we will see that once one has a pullback bundle defined via a 
complete orbifold map */, there is no difference between the notion of an orbisection 
and a complete orbisection. Not surprisingly, if one tries to define a useful notion 
of reduced or complete reduced orbisection one loses the vector space structure on 
the space of such sections. As in the case of the tangent orbibundle, the pullback 
bundle will be an example of the more general notion of a linear orbibundle given 
in |BB02| . 

Definition 30. Let 0,V be C r+1 orbifolds of dimension n and m, respectively. 
Given */ G CIq^OjV) we define the pullback of the tangent orbibundle to V by 
*/, J* {TV) as follows: Let J = (/, {/,}, {6/,,}) and let U x and V f(x) be orbifold 
charts about x G O and f(x) € V respectively. Define the pullback +p(TT) to be 
the orbifold with charts of the form (a fibered product) 

U x Xy fM TV m = {(y,i) eU x x TV m \ f x (y) = pr x (0} 

where f x : U x — > VfM and pr 1 : TVf^ — > Vf( x ^ is the tangent bundle projection. 
If we write ^ = [f x (y),v] £ TVf^ = Vfi x \ x M. m , the action of T x is specified in 
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local coordinates by: 

7 • (y, I) = (7 • y, QfAi) ■ = (7 • v, [e /)X ( 7 ) • My), d(e f Ai))f„ m ■ «D 

= (Tf-V, [fx{j-y),d{Q f , x {j))f A . y v]) e U x x 9fW TV m 

where y £ U x and v £ pi^ 1 (f x (y)). Also, we let pr 2 : TV f(x) V f[x) x E m -► E m , 
5 n ti be the fiber projection. This gives ir f*(TV) the structure of a smooth C r 
m-dimensional linear orbibundle over O. In an abuse of notation, p : */*(T7 7 ) — > 
will denote the orbibundle projection. Denote the fiber over x, by p~ 1 (x) = 
■kf*(TV) x - In local coordinates, we have the diagram (all vertical arrows are quo- 
tient maps by respective group actions): 



U x ><v> 



TV, 



TV, 



/(*) 



/(*) 



*f*(TV nx) ) = 

(Ux xf /w rv /(x ))/r a 




7V/( X = 



(y> (x) x M" l )/r /(x) 



0* 



x *>(., 2v /<-) 



/(*) 



TV fix) given by F x (y,^) = £ induces a map _F : 



The map F x 

*/*(TV} (x) ) -> TV f( I ) 7e / , x (r x ) defined by = lie,,. °F X dl" 1 ^, 0- This * 

well defined since, for any 7 £ T x , F x (j ■ (y, £)) = F x (j ■ y,Qf, x (i) ■ £) = S/, x (7) ' I 

and ne /i .(e /iB (7).|)=n e/ ,.(^). 

Note that the pullback is defined only if we have all the information contained 
in both the choices of local lifts {fx} and the choices of the homomorphisms f, x £ 
HoTa(T x ,T f ( x )). That is, all of the information of a complete orbifold map is used. 
As an illustration of the necessity for needing to use complete orbifold maps to define 
pullbacks we give two examples. The first example shows that, unless complete 
orbifold maps are used, the pullback orbibundle is not well-defined even up to a 
reasonable notion of equivalence. 



Example 31. Consider the situation from example 27 O 
where Z 2 acts on 
that TO — TV = 



Vis the orbifold E/Z 2 
V is the constant map / = 0. Note 

i.-x,-y) 



I via x — > —x and / : O 

E 2 /Z 2 where the generator a of Z 2 acts via (x, y) 
and the bundle projection p is just projection onto the first factor. We note that for 
x ^ 0, p^ 1 (x) = E and that p _1 (0) = E/Z 2 . Let */ and be the two complete 
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orbifold maps from example 27 which cover the orbifold map / = (/, {fx})- Then 
we claim that 

*f*(rp) TO 

while 

J'* (TV) = OxI 

To see this we work in local coordinates: Since f x = 0, we may take Vq as a chart 
about f{x) for all x. Thus for each x, 

U x *v TV = {%£) e U x x TVo | = p ri (|)} 

= U x x TqVq ^U x xR 

Now for x 0, Tj; = {e} and so the action of T x on U x x Vg TVo is necessarily trivial. 
If we denote the orbibundle projections p : */* (T"P) -► O and p' : *f'*(TV) -> O, 
thenp _1 (t r a; ) = p' _1 (t r a; ) = PjxM. On the other hand, for x = 0, since 6/,o(a) = a 
and 0'y (tt) = e we see that 

p _1 (E/o) — (i/o x R)/To where the action of r is 

a ■ iy, v ) = (a-y, d(8/, (ar)) ; o(s) • «o) = (a • & d(-Id) • So) = (~y, -v ) 

while 

p' _1 ([/o) = (t/o x E)/To where the action of T is 

a • (y, Vq) = {ai-y, d(Q' ffi (a)) jr o(fi) • u ) = (a • y, <2(Id) • -Do) = Wo) 

which is enough to substantiate our claim. Note that these orbibundles are not 
equivalent in any reasonable sense. 

To further illustrate the complexity involved in pulling back the tangent bundle 
by an orbifold map, the following is instructive. 



Example 32. Consider the situation from example 28 O — R/Z2 with Z 2 acting 



with generator a, where a-x — —x as above and V — IfF/(Z 2 x Z 2 ) where Z 2 x Z 2 = 
(j, k I j 2 — k 2 = 1 = [j, k]) with the action defined by y, z) = (— x, y, —z) and k- 
ix, y, z) — (— x, —y, z). We consider the two complete orbifold maps */ and */' from 
example 28 which cover the orbifold map / = (/, {y\ 1— > (yi,0,0)}) where »fjy\) = 



(yi,0,0). We have for all x, U x x y f{ } TVf(x) — U x xR 3 . Like in example 31 
for x ^ 0, T x — {e}, and so the action of on U x Xy TVf^ is necessarily 
trivial. If we denote, as before, the orbibundle projections p : ^/^TT 3 ) — > O and 
p' : */'*(TP) -> O, then p' 1 ^) = p' -1 ^) ^ U x X R 3 . On the other hand, for 
x = 0, since Qf^ia) — j and Oj (a) — k we see that 

p _1 (J/o) — (C/o x K 3 )/ro where the action of T is 

a - (y,v ) = ia-y,djj o ( §) ■ v ) = (-y, -(t>i) , (62)01 -(^3)0) 
where w = ((«i)o, (#2)01 (#3)0) € r3 - Similarly, 
p'^ 1 iU ) = (U x M 3 )/r where the action of T is 

a- iv,v ) = (a-y,dkj o ffl ■ v ) = (-y, -(ih)o, -(^2)0, (#3)0)- 
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Although the pullback orbibundles */*(T*P) and ^f'*(TV) are naturally isomor- 
phic, we will later see that neighborhoods of the zero section are taken by the 
Riemannian exponential map to the neighborhoods N r (*/, e) and N r (*/',£) of ex- 
ample |28| respectively. This illustrates why it is necessary to use complete orb- 
ifold maps in order to fully understand the topological structure of a neighborhood 
JNP"(/, e) of an orbifold map. 

Orbisections. We now define a natural notion of section of a linear orbibundlc. 
For a definition, see for example |BB02| . 

Definition 33. A C r orbisection of a m-dimensional linear orbibundle p : £ — > O 
is a C r orbifold map a : O — ► £ such that p o a = Id© and for any x £ O and 
chart U x about x, we have pi^ o a x — Idjy . That is, we take the identity lift of the 
identity Ido in U x . Locally we have the diagram: 



U x x W 




Note that the action of T x on U x x R m is given as part of the data defining 
£. Although, in general, the class of complete orbifold maps is different from the 
class of orbifold maps, as in the case for diffeomorphisms (section [4]) , in the case of 
orbisections of the pullback of a tangent orbibundle, these notions coincide. 

Proposition 34. Let */ : O — > V be a C r+1 complete orbifold map between C r+1 
orbifolds and let - k f*(TV) denote the pullback of the tangent orbibundle. Let a = 
(a,{a x }) be a C r orbisection of */*(T'P). Then there is a unique homomorphism 
@cr,ic for which a x is Y x equivariant. Ln other words, the set of orbisections can be 
identified with the set of complete orbisections a «-* +a . 

Proof. Given an orbifold chart U x around x and an orbibundle chart for Jr /*(T7 : ') 
with local product coordinates (y, = (y, [f x (y),v]) & U x Xy ; TVf( x ), the local 

action of T x in these coordinates is given by 7 • (?/,£) = (7 • y,Qf,x{l) ■ = 
(7 • y, [Qf, x (j) ■ / J (ji),(i(8/ iI (7))j i[ /.j • v]). With respect to these local coordinates, 

a x has the form a x (y) = (y, [f x (y), § x (y)}) and if Q a , x : T x T a ( x) = T x is some 
homomorphism for which a x is equivariant with respect to, then 

• y) = (7 • v, [L{i ■ y), s x (j ■ y)}) 
= &*,x(i) ■ (y> ifx(y),s x (y))) 

= (8^(7) • y, [(0/,x(0 ff ,x(7)) ' Uy),d(Q f A®*Al)))f AS) • Uv)\) 
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Therefore, since T x acts effectively on U x , CTiX (7) = 7 and Q a . x = Id : T x — ► 
for all "f € T x and Furthermore, we get the equivariance relation s x (j • y) = 

Just as in the case of orbisections of the tangent orbibundle, the set of orbisec- 
tions of the pullback tangent orbibundle carry a vector space structure. 



isec- 



Proposition 35. Let */ e C^ h (0,V). The set V r 0rh (+ f* {TP)) of C r orb 
tions of the the pullback tangent orbibundle ±f*(TV) is naturally a real vector space 
with the vector space operations being defined pointwise. 

Proof. The argument here is basically the same as the corresponding argument for 
orbisections of the tangent orbibundle [BB08 . Let a e 'D 0rb (*/*(T'P)). Let a x be 



the lift of cr. Then a x (y) = (y, [f x {y),s x (y)]). By proposition [34) s x : U x 
such that s x (7 ■ y) = d(0/,x(7))^ (y)(sx(y))- In particular, since a; is a fixed point 
of the action on U x , we have s x (x) = s x (^ ■ x) = d(@ f, x (sy)) f ( x )(s x (x)). Thus 
s x (x) is a fixed point of the (linear) action of T x on M m as defined in the pullback 
orbibundle. Note that the set of such fixed points forms a vector subspace of M. m . As 
a result we may define a real vector space structure on D^^f* (TV)) as follows: 
For o~i € D 0rb (*/* (T7 5 )), let o i X be local lifts at £ as above. Define 

(0l+CT 2 )(y) =n x ((cri, a . + Cr2, a: )(j|)) = II X ((?/, Si (y) + S 2 (j/))) = U X (y) + (7 2 (j/) 

(Acr)(y) =n x ((Aa x )(y)) = n x ((y, As(y))) = X(a(y)) 

□ 

Proposition 36. Le£ */ 6 ^orb(^>^ > ) ^ com P ac t (without boundary). The 
inclusion map ©orbC*/* (TV)) CQ rb (C, */*(T7- > )) induces a separable Banach 
space structure on 2?Q rb (+ /* (TV)) for 1 < r < 00 and a separable Frechet space 
structure if r = 00. 

Proof. The argument here is also si milar t o the corresponding argument for orbi- 
sections of the tangent orbibundle |BB08| . Let I? = {Dj}£Lj be a cover of /(C) 
by a finite number of compact orbifold charts over each of which the tangent or- 
bibundle TV is trivialized. Then the collection C — {Ci = f~ 1 (Di)} is a finite 
cover of O by compact subsets. By reindexing and shrinking Di if necessary, we 
may assume each Ci is connected and is contained in a orbifold chart of O and so, 
Ci = Ci/Ti. Let Ci Xp. TT>i = Ci x K m be the corresponding orbifold charts for 

J*(TV) with action of V, : 7 • (tf.f) = (7 • [6/^(7) • > d{® f M) Uv) ' 
Let Vj r = C r (Cj,K m ) for i = 1, . ,.,N and < r < 00 with topology of uniform 
convergence of derivatives of order < r. This is a Banach space for finite r and a 
Frechet space for r = 00. For finite r, let || • ||j )r be a C r norm on Vi >r . Define a 
linear map L : V r 0l . h (J* (TV)) -> K> by ' 

L(cr) = (pr 2 (xi5-) 5 . . . , pr 2 (xjvc>)) 

where %j € Co r h (Q, [0 , 1]), i = l,...,iV, is a partition of unity subordinate 



to the cover C ( [BBOgJ proposition 6.1]) and pr 2 : C* x R m -> M' m is bundle 
projection onto the second factor. Continuity of i is immediate from the def- 
initions of the C r topology on D 7 OTh (+f* (TV)) and the topology on ©^ V^ r . 
Moreover, given a neighborhood of the zero section e ^ Orb(*/* '{TV)) °f the 
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form N r (0, Ei\ C), it is apparent that there is a neighborhood of the zero sec- 
tion in Vi t r of the form max{||sx||i, r , . . . , ||sjv||iV>} < 8 where 5 < 
minjei, . . . , £jv} contained in L (j\f r (0, e,; C)). Thus, with the subspace topol- 
ogy on L(D& rb (*/*(3T))), £ : £ 0rb (*/* (TP)) - L(I>k rb (*/*(TP))) is a linear 
homeomorphism. Since D r 0lh (*f (TV)) C C£ rb (0, */*(TP)) is a closed subset, 
we see that -L(I>Q rb (*/*(TP))) is a closed subspace of the direct sum and thus 
Dorbi+f * (TV)) inherits a Banach space structure if r < oo and a Frechet space 
structure if r = oo. 

□ 

The following is the analogue of the notion of admissible tangent vector as defined 
in |BB08] . 

Definition 37. Let 0,V and / be as in proposition [36] Let x G O. Denote by 
A x (+f* (TV)) the set of admissible vectors at x 

A X (J*(TV)) = {ve J*(TV) X | (x,v) = a(x) for some a G V Olh (J* (TV))} 

By proposition [35] Ae(*/*(TP)) is a vector space for each x, and a suborbifold 
of *f*(TP) x . The admissible pullback bundle of TV is the subset A(*f*(TV)) = 
UgO^(*/*( T ^)) c */* (TP) with the subspace topology. In general, A(*/*(TP)) 
will not be an orbifold. Recall that the set of admissible tangent vectors at z, A Z (V) 
as defined in |BB08 are obtained from definition 37 by replacing +f*(TV) by TV. 



7. The exponential map and proof of Theorem Q] 

In this section we will need several facts about Riemannian orbifolds and the 
exponential map. Our reference for this material will be |BB08 . Throughout this 
section, we assume that (D,V are smooth orbifolds and that O is compact (without 



boundary). Without loss of generality, we may assume, by BB08 propositions 3.11 



6.4], that both O and V are C°° orbifolds with C°° Riemannian metrics. 

The exponential map. Recall the construction of the exponential map for a 



smooth Riemannian orbifold V BB08 section 6]. Assume that the collection {V a } 
is a locally finite open covering of V by orbifold charts that are relatively compact. 
Let TV a = (V a x M. m )/T a be a local trivialization of the tangent bundle over V a . 
Denote the Riemannian exponential map on TV a by expy : TV a — > V a . Thus, for 
z € V a and v <E TsV a we have expy^ (z, tv) = Sg t a(t) where c^-g is the unit speed 
geodesic in V a which starts at z and has initial velocity v. Recall that there is an 
open neighborhood Cly C TV a of the 0-section of TV a such that c,^c(l) is defined 
for v € TV a H f2y . Furthermore, by shrinking U, y if necessary, we may assume 
that on TgV a PI fly , exj5y (z, ■) is a local diffeomorphism onto a neighborhood of 
z G V a for each z £ V a . Let £l a — H a (£l v ), an open subset of TV, and define 
fl = |J il a . is an open neighborhood of the O-orbisection of TV. 

Definition 38. Let z G V a , and (z;,w) € Q a - Choose (z,v) G LI~ 1 (z,i;). Then 
the Riemannian exponential map exp : £1 C TP — > P is defined by exp(z,v) = 
ir a oexpy (z,v). 



By BB08 proposition 6.7], this exponential map is well-defined and exp^ sat- 
isfies, for all 5 G r Q , the equivariance relation: 

expy a [6-(z,v)] = 5- expy a (z, v) . 
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As usual we denote by exp z the restriction of exp to a single tangent cone T Z V '. 
We let B(x,r) denote the metric r-ball centered at z and use tildes to denote 
corresponding points in local coverings. 

The relation between orbisections, the exponential map and complete 
orbifold maps. The composition of the exponential map with an orbisection of 
the pullback tangent orbibundle via a complete orbifold map */ turns out to be a 
smooth complete orbifold map with the same equi variance relation as 

Proposition 39. Let 0,V be smooth Riemannian orbifolds and let */ € C^Q* h (0, P) . 
Let a be a C r orbisection of the pullback tangent orbibundle *f*(TV) with Foa(x) € 
Q. Then the map E a {x) = (expo F o o~)(x) : O — > V is a complete C r orbifold map 
with representation +E" = (E a , {E x }, {6_E",:r}) where E x — expy o F x o a x and 
®E°,x = &f,x for all X £ O. In particular, ±E a S C£ Orb (0, V). 

Proof. Let (U X ,T X ) be an orbifold chart at x G O. For y £ U x , a(y) — (y,£(y)) G 
*/*(TV/( x )). Let a x = (y,£,(y)) be a lift of a and F x the map defined after the 



diagram of definition 30 Then the map E x = expy o F x o b x is a C r lift of E a 
and using the equivariance relations for a x , F x and expy ; we have for all 7 G T x : 

E x(i ■ y) = ^v> w ° F * ° ^(7 • y) 
= ®Wv nx) ^(7 • &x{y)) 
= Spv> w ( e /,*(7) -i(v)) 
= 9/,x(7) •e5pi/ /(x) (C(y)) 
= 9 /iZ (7) • expv fix) oF x° °x{y) 
= e f , x (-y)-EZ(y). 

a 

The local manifold structure. Let 0,P and */ be as in proposition [39] Denote 
by : O -> J*(TV), 0(x) = X € *f*(TP) x , the 0-orbisection of J*{TV). Then 
= (expoFo 0)(z) = /Or). We let B^(o-,e) - W(<7,e)n%,( t f (T?)). 
That is, !B^(iT, £•) is the set of C r orbisections e-close to a in the C r topology on 
CQ rb (0, +f*(TV)). Proposition 39 and definition 20 immediately yield the following 

Proposition 40. Let 0,V and */ be as in proposition^^ with O compact. There 
exists e > and continuous map E : 23^(0, e) — > 3\f r (*/, e) defined by E(cr) = 



Since 33^(0, e) is an open subset of a Banach/Frechet space by proposition 36 
the proof theorem [T] will be complete if E is shown to be a homeomorphism. We 
first show that E is injective. 

Proposition 41. The map E : 23^(0, e) — * 3Nf r (*/, e) is injective. 

Proof. Suppose E(a) — E(t) for cr, r G S%(0,e). Since these are to be considered 
equal as complete orbifold maps, in each orbifold chart (U X ,T X ), we must have 
equal local lifts: expy o F x o a x (y) = expy o F x o f x (y). If we write in local 

coordinates ^(y) = (y,£(y)) and f x (y) = (y,fj(y)) where = [/*(£)>«/,.($)] and 



24 



JOSEPH E. BORZELLINO AND VICTOR BRUNSDEN 



V(V) = [/*(2/) thcn 

expy /(i) ° Fx ° o- x (y) = exj?v fW °Fx° r x (y) <*=S> 
exPy /(x) °Fx(y,i{y)) =expv nx) ° F x (y,fj(y)) 
Sp^ /w [/x(y), v hm ) =^py n Jf x (y), w hm ) 

Since exp>y {fx(y)> ■) is a local C r diffeomorphism we must have v* 
Hence cr = r (as orbifold maps) and £7 is injective. 



(y) 



□ 



The proof of the following proposition is a slightly modified version of BB08 
proposition 7.3]. 

Proposition 42. The map E : 23^(0, e) — ► N r (*/, e) is surjective. 

Proof. Let *g = (ff, {^a;}, {Bg^}) € ^N T (+/, e). Let {C;} be a finite covering of O 
by compact sets such that Cj is an orbifold chart and <?(Ci) C where Vi is a 
relatively compact orbifold chart of V . Let x £ Ci , and U x c int Cj an orbifold 
chart at x where the local lift g x to U x is C° e-close to the local lift f x . By lemma 23 



and its proof we have Qf, x = g { x )f( x ) °S 9jI : T x — > Tft x \. In particular, the action 
of Qf,x is the same as action Q 3yX on the image g x (U x ) C Vffz)- 

We wish to define a C r orbisection a so that -E(er) = ±g. We do this by defining 
appropriate local lifts a x . In particular, let 

Zx(y) = = (y, ^Pt^,,;^) ) e *f*i T V f (x))- 

With this definition, we see that 

= ^Pv> (al) ° ^ ° ^(y) 

This shows that -E(<r) = All that remains to show is that a x satisfies the correct 
equivariance relation for an orbisection. Before we do that, observe that, in general, 
for S £ ^f(x) we have (essentially for any exponential map) 



Thus, 

<Mt • y) 



(7 • y,£(7 -y)) = [1 -y, 
7 • y 



= 7 • y 



/.( 7 -y),exp^ wj;(T5) (fo( 7 •»))]) 

6/^(7) ^P^ 1 ( .„b /i .( 7 )/.(S) ( Q ff^(7) 

6^(7) • /«(»), 6 /l!e (7) • Sp^ c . ) ,(e / ,.( 7 ))-ie / ..( 7 )/.(fi) 

(7 • & 0/^(7) • fx(y),@f, x (i) ■ Sp^,,/,^ &(y)) 

(7 •v.e /lX (7) •!(»)) 
7 • ^x(y) 
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which is the correct equi variance relation for an orbiscction. As a result we see 
that the map <r(x) =112,0 a x (x) defines a C r orbisection of ^/*(T7 : ') and that 
E(a) = +g. □ 

The following proposition is the last step to complete the proof of the theo- 
rcm[l] It gives a C° manifold structure to C£ Orb (0,'P) where the model space for a 
neighborhood of */ is the topological vector space of C r orbisections of a pullback 
tangent orbibundle of V via */ with the C r topology. 

Proposition 43. The map E : 23^(0, e) — ► 3Nf r (*/, e) is a homeomorphism. 

Proof. Propositions [41] and [42] show that E is bijective. Continuity of E follows 
from the formula for a local lift of E given in propositon 39 and continuity of E~ x 



follows from the formula for a x given in the proof of proposition 42 □ 

8. Building Stratified Neighborhoods 

Our first task of this section will be to prove corollary [3j Let / € C 7 0l . h (0,V). 
From the observation following definition [20] we have that 

q-HWtf, e)) = >r(*/ 1( e) U • • • U W(*f k ,s) 

is a disjoint union of neighborhoods where each complete map */i = (/, {f x }, {®f,x}i)- 
We first partition the neighborhood e). For each g e 3\f r (/, e), define J g c 

{l,...,k} to be the set of indices j such that q~ 1 (g) H N r (*/j*, e) 7^ 0. For 
J C {1, . . • , fc}, define 

Xj = {geW(f,e) I J = J g }. 
This is a partition of N r (/, e). Of course, the partial ordering is from set inclusion: 
J' ~< J J' C J. We now verify conditions ([lj and ^ of definition 26 in the next 
two lemmas. 

Lemma 44. Each Xj is a submanifold ofN r (f,e). 
Proof. Let J = {ji, . . . , For any g £ A",/, we have 

g" 1 ^) n , e ) n • • • n N 7 " (*/■,-, , e) ^ 0. 



By proposition 43 there exists unique orbisections aj 1 ,crj l (of the respective 
pullback tangent orbibundles ^f*.(TV)) such that q(E(aj i )) = g for i = 1, . . . , L 
Let (£/£, r^) be a local chart about x € O and let &j itX denote the local lifts of 
the orbisection o-j. and let Fj. x : U x TVf( x ) — > TVf( x ) denote the linear 



isomorphism (y, £) *■ £ given in definition 30 of the pullback tangent orbibundle. 
Since exp^ o F n ^ x oa n . x (y) = g x (y) for all i = 1, . . . , I and since expV Afx(y), ■) 
is a local diffeomorphism, we must have 

F jux ° cr n , x {y) = --- = F JuX o a jux {y) 

for all y £ U x . Because Fj f x is a linear isomorphism, this relation is preserved 
under addition and scalar multiplication of local lifts of orbisections o~j uX . From 
the proof of proposition 35 this relation descends to 

(*) Fji o-j, (»)=•" = o-i, (v) 

for y £ U x . Since -F 1 ^ is a linear isomorphism when restricted to the vector space of 
admissible vectors Ax^f^.iTV)), the set of orbisections satisfying these relations 
is a linear submanifold of each 23^ (0,e). From this we may conclude that each 
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g E Xj has a neighborhood modeled on a linear submanifold of Sj.. (0,e), which 
is enough to prove that Xj is a submanifold oi W(f,e). □ 

Lemma 45. If XjVCXj* ± 0, J 7^ J', then J' -< J and Xj C A> . 

Proof. Let J' = {ji, . . . , j;}. For i = 1, . . . ,1, suppose |er . ' j is a sequence of 

orbisections which converges to aJT G T> r 0rh {^f*.{TV)). Further suppose each cn^ 
satisfies condition Q of lemma 44 Then, by continuity, each aj~ satisfies Q also. 
If we let q(E{aJl)) = g, and J = Jg we have shown that if <Yj D Afjv ^ 0, J 7^ J', 
then J' < J and Afj C A>. □ 

Theorem fl] with lemmas [44] and [45 together prove corollary [3[ Finally the proof 



of corollary |4j follows from corollary |3 and lemmas 11 and|2l| That is, N r (./, e) is 
the quotient of the finite group TOjv acting on N r (f,e). That the corresponding 
quotient map q, restricts on each stratum to give a smooth orbifold chart follows 
from an argument almost identical to the argument in the proof of corollary [2] from 
section [3] that q 4 defined a smooth orbifold chart. 

An alternative view of the stratification. Up to this point, the notion of pull- 



back bundle (definition 30 ) required the use of a complete orbifold map. Although 
not necessary for our results, we present a more global view of the stratification ob- 
tained above by defining directly an appropriate notion of pullback for an orbifold 
map /. We will use the setup of this section and the notation of definition [30] How- 
ever, for convenience we will write a complete orbifold map ±fi = (/, {fx}, {B f, x ,i})- 
To begin, we let f*(TV) be the space defined by: 

f*(TV)= (l]^f:(TT) 
where the equivalence relation ~ is defined as follows: Let 

denote the disjoint union of k copies of U x x y /( . } TVf( x y Then in local bundle 
charts, for G (0 X TV f{x) ^ 

Vi = fjj and, 
©/,x,i(7) ' fi = ®f,x,j{l) ' ij for a11 7 e r x- 

There is an obvious projection map onto O and the total space of /* (TV) is a bundle 
over O. Note that there are standard continuous injections : t /*(TP) — > f*(TV) 
and that the bundle maps Fi : +f*(TV) — ► TV glue together to give a continuous 
bundle map F : f*(TV) -> TV satisfying Fob i =F i . 

We also define for J C {1, . . . , k} the suborbifold f*(TV).j of f*(TV) by 



f*(TV)j=L\*f*(TVj)/ 



ie.J 
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where TVj is the subspace of TV covered in bundle charts by 

(TV m )j = {(f x (y),£) e TV f(x) | B,. r ,(-i.i (-).., ,i- i • | for all i,j e j} . 

Finally, let 

V r or b (*f:iTV))j = 

{a £ Dorb(*/TCn>)) | o cr x (y) e (TV> (x) )j for all y e U x and x e O}. 

Note that F x ^oF-] : V r 0lh (J* (TV)) ,, -> % rb (*/*(TP))j is a linear isomorphism 
of Banach (r finite) /Frechet (r = oo) subspaces for all i, j e J and < r < oo. By 
abuse of notation, we write D 0rb (/* (TV)) for the space of C r orbisections a : O — > 
f*(TV) equipped with the C r topology. From the construction of f*(TV) it is clear 
that the Riemannian exponential map on TV induces a map J5 : r ^ r o^\ > (f*TV) — > 



Chrb(°^) as in proposition |40J For / e C£ rb (0,7>) and */< € C: Orb (0,7>) 
mapping to / we let Q(f) x = {Qf, x ,i} where */, = (/, {f x }, {Qf. x ,i})- 

Lemma 46. There are neighborhoods ~B r f (0,e) o/O € I | orb(/* :r ^') ana"N r (f,e) of 
f in CQ lh (0,V) so that E : 23^(0, e) — * J^ r (f,e) is a homeomorphism. 

Proof. The proof follows from observing that {g £ CQ lh (0,V) \ Q(g) x C Q(f) x 
for all x € O} is an open subset (since the homomorphisms O f, x are locally con- 
stant). By theorem [l] there is a neighborhood of each for which the map E 
of proposition [40| is a homeomorphism. By taking g € C , Q rb (C',7 : ') as above and 
sufficiently C r close to /, all of of its preimages *gj = (g, {g x }, {Q g , x ,j}) will lie in 
such neighborhoods. □ 

9. Some Infinite-dimensional Analysis 

In this section we recall the results of global analysis that we need in order to 
substantiate our various claims of smoothness. For finite order differentiability, a 
strong argument can be made that the Lipschitz categories Lip r are better suited to 



questions of calculus than the more common C r category FK88 . For our purposes, 
however, we have chosen to use the C r category for questions of finite order differ- 
entiability, and for questions of infinite order differentiability, we use the convenient 



calculus as detailed in the monographs FK88 KM97 



Review of the convenient calculus. For any topological vector space E the 
notion of a smooth curve c S C°°(R, E) makes sense using the usual difference 
quotient and iterating. A mapping / : E — > F between locally convex vector 
spaces is called smooth if it maps smooth curves to smooth curves. That is, if 
/ o c € C°°(R,F) for all c € C°°(R,E). For E, F finite dimensional this yields 
the usual notion of (C°°-) smoothness. Unfortunately, such a characterization fails 



for finite order (C r -) differentiability |Bom67 . Generalizing the fact that a map 



/ between finite dimensional vector spaces is smooth if and only if its component 



functions are smooth, Frolicher, Kriegl and Michor FK88 KM97 introduce the 
notion of a convenient vector space: A locally convex vector space is convenient 
if every scalarwise smooth curve c : E — > E is smooth, c is a scalarwise smooth 
curve if £ o c : R — > R is smooth for all continuous linear functionals I on E. For 
our purposes, we remark that if E is a Frechet space then E is convenient and the 
locally convex topology agrees with the c°°-topology or final topology with respect 
to the set of mappings C°°(R, E). It then follows from these definitions that smooth 



28 



JOSEPH E. BORZELLINO AND VICTOR BRUNSDEN 



mappings between Frcchet (or, convenient vector) spaces are continuous. At this 
point, one can work on open subsets of convenient vector spaces and introduce the 
notions of smooth manifold, smooth tangent bundle and smooth Lie group modeled 
on convenient vector spaces in a straightforward way. 

An important feature of the convenient setting is the following theorem on Carte- 
sian closedness: 

Theorem 47 ( |KM97[ Theorem 3.12]). Let A { C Ei be c°° -open subsets in locally 
convex spaces, which need not be c°° -complete. Then a mapping / : A; x A 2 ^ -F 
is smooth if and only if the canonically associated mapping f v : A\ — > C°°(A2,F) 
exists and is smooth. 

Our first use of the convenient calculus will be to substantiate the smoothness 
claims of Theorem [T] completing the proof. Throughout the remainder, we assume, 
as in section [7] that all orbifolds are C°° with C°° Riemannian metric. Further, 
the orbifold O will be compact (without boundary). 

Lemma 48. Cl. 0lb (0,V) has the structure of a smooth (C°°) Banach/Frechet 
manifold. 

Proof. We have already shown in section [7] that C£ 0rb (C>, V) has the required struc- 
ture as a topological Banach/Frechet manifold. Let */ € C£ Orb (0, "P) and let 
E t f : H%(0,e') — > [N" r (^/, e') be a manifold chart about */ given by proposi- 
tion 43 Let *g 6 3Nf r ( + /, e') and choose < e < e' so that the manifold chart 
E t9 : ®^„(0,e) — > N r (*g,£) is contained entirely within W^f, e'). Then the chart 
transition map 

ET} o : %: g {0,e) - (V/ o £ 5 ) (23^(0, e )) C 23^(0, e ') 

is a homeomorphism between open subsets of Banach/Frechet spaces. Thus to 
show smoothness, we need to show that E~j o E t9 takes smooth curves to smooth 
curves. So, let er* : K -> 3^(0, e) C C£ o * rb (0, *g*(TV)) be a smooth curve and 
let cr* : (0,1) IT (^(7V ff(x) )) C C r (U x ,U x x^ w 2% (x) ) be a smooth local 
equi variant lift over an orbifold chart L^. The interval (0,1) is being chosen for 
convenience to make clear that we want the image of the lift cr* to lie in a single 
trivializing bundle chart. The key observation is that the computations of difference 
quotients for cr* are identical in the local lift cr* since an orbisection must take values 
in the admissible bundle A( i ,g*(T7 y )) whose fibers are the vector spaces fixed by 
the action of the local isotropy subgroups T x (section [6]) . In particular, it follows 
that cr* is smooth if and only if each local lift a x is smooth. Using lemma 47 
it follows that a x (t,y) : (0,1) X Pj — > U x TV g ( x ) is smooth. From the 

formulas in section [7] for E and its local lifts and using the (C°°-) smoothness of 
the Riemannian exponential man, it follows that the man rif}(t. v) = E~} _ ojj.„,o 



47 



the Riemannian exponential map, it follows that the map f) x {t, y) = E * x o E ±g _ x 
a x (t, y) : (0, 1) x U x — > U x X v ^ TVf( x ) is smooth. Another application of lemma 
implies that ry* = Ej x o E^ x o a* : (0, 1) D r (J* (TV m )) C C"^, U x 
TVf( x )) is smooth. Thus, by our earlier observation, if — (e~^ o E^ (cr*) : R — > 
®^(0,£') C C%o tb (0,*f*(TP)) is a smooth curve. □ 

A useful consequence of the observation made in lemma 48 is the following (com- 
pare |KM97| Lemma 42.5]): 
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Corollary 49. The following conditions on a curve c = (/ , {/.£}, {Q/*,x}) : ^ ~~ * 
C£ 0rb (C>, T 3 ) are equivalent: 

(1) c is smooth 

(2) eac/i ZocaZ equivariant lift f l x : (0, 1) — > C r (U x , V z ) is smooth 

(3) eac/i ZocaZ equivariant lift f A (t,x) : (0, 1) x -> is smooth 

Proof. Note that the interval (0, 1) is being chosen for convenience to make clear 
that we want the image of the lift /* to lie in a single orbifold chart, ([lj <==> ^ 
follows from the observation that smoothness of c is equivalent in local charts to 
smoothness of a curve into a space of orbisections. This in turn is equivalent to 
smoothness of the local equivariant lifts of the orbisections as in lemma 
of course, is equivalent to smoothness of the local equivariant lifts /*. (12 1 
follows from theorem 1471 

Lemma 50. Let I : 3sf s (*/, e) — > N s (Jo e), t jn/o ^g, be the homeomorphism 
from lemma \2l\ Then I is a C°° diffeomorphism. 

Proof. By lemma [21~| and theorem[T]via lemma [48] we know that / is a map between 




open subsets of a smooth C°° Banach/Frechet manifold. By KM97 section 27], it 
suffices to show that 

a* = EJ Q \ f o / o ^ : K - D 0rb ((7 ° *f))*{TP)) 

is smooth for any smooth curve = {g x }, {Qg* , x })- From an argument similar 



to that given in lemma |48] it follows that each local equivariant lift <?* : (0, 1) — > 
C S (U X1 V/(a;)) is smooth. Using the discussion after example [5] for / = (Id, {rj x ■ y}) 
we have 

I ° *9 t = (>*,{% • <?x}> {7 ^ ^B a *, x (7)ryJ 1 }). 



Then by the formulas in proposition 42 a 1 has local equivariant lifts 

(v, [vx ■ /x(y),Sp^ W!lIi . /i(a (vx-giiv))]) e ( Jo */)*( T ^/(*))- 

Since the exponential map and action of local isotropy subgroups are (C°°-) smooth 
in charts and g x is smooth, we see that a x is smooth. It then follows that a 1 is 
smooth by corollary [49] or the observation in the proof of lemma [48] and this 
completes the proof. □ 

The next result we will need is that composition in our spaces of smooth orbifold 
maps is smooth. 

Lemma 51. Let O, V and 1Z be smooth C°° compact orbifolds without boundary. 
Then the composition mappings 



o . 



comp : C™ 0lh (V,K) x C™ Qrh (G,V) -> C™ 0rh {0,H), (*/,*<?) » */ « 

comp : C? Qlh (V, K) x C? 0rh (0, V) - C? 0rh (0, K), (,/, ,9) -> J o ,.9, 
comp : C& b (7>,ft) x C£ b (0,P) - C£ b (0,ft), (/,<?) ^ fog, 

comp : C^ d (V,TZ) x 0^(0,7?) -> C r ^ d (0,^), (./,.<?) ^ ,/o. fl , 



are smooth. 
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Proof. By lemmas [9j [TT] [21] and the observation following definition [20] it suffices 
to prove the result for the complete orbifold maps. We use an argument analogous 
to |KM97[ Theorem 42.13]. Namely, let (ci,c 2 ) : K -> C^ rh (V,TZ) x C^o rb (0,P) 
Then (comp o (ci,C2))(t)(x) = dy (i, C2 (t, x)) is smooth by 

□ 



be a smooth curve 
corollary |49l Hence comp is smooth 



Finally, for finite order differentiability, we will need to refer to the f2-lemma of 



Palais Pal68| as stated in Sch04 



Lemma 52 (f!-lemma). Let M be a C°° compact manifold and let t : E — > M 
and t' : E' — > M be C r vector bundles over M. Let U C E be open and let 
lj : U C E — > E' be a C°° vector bundle map. Then the induced map 

: D r (£7) C 2)''(r) -> D r (r'), MO = w ° £ 
is a C°° map. 7/w is only C r+k , then fl^ is C k . 
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